Abstract. We study the relation between the symplectomorphism group Symp M of a closed connected symplectic manifold M and the symplectomorphism and diffeomorphism groups Symp f M and Diff f M of its one point blow up f M . There are three main arguments. The first shows that for any oriented M the natural map from π1(M ) to π0(Diff f M ) is often injective. The second argument applies when M is simply connected and detects nontrivial elements in the homotopy group π1(Diff f M ) that persist into the space of self homotopy equivalences of f M . Since it uses purely homological arguments, it applies to c-symplectic manifolds (M, a), that is, to manifolds of dimension 2n that support a class a ∈ H 2 (M ; R) such that a n = 0. The third argument uses the symplectic structure on M and detects nontrivial elements in the (higher) homology of BSymp f M using characteristic classes defined by parametric Gromov-Witten invariants. Some results about many point blow ups are also obtained. For example we show that if M is the 4-torus with k-fold blow up f M k (where k > 0) then π1(Diff f M k ) is not generated by the groups π1`Symp ( f M k , e ω)´as e ω ranges over the set of all symplectic forms on f M k .
Main results
In this note we investigate the relation between the symplectomorphism group of a closed connected symplectic manifold (M, ω) of dimension 2n ≥ 4 and of its one point blow up ( M , ω ǫ ). (Here ǫ > 0 measures the size of the blow up.) When dim M = 4 and ǫ is sufficiently small, it is known from work of Lalonde-Pinsonnault [15] and Kȩdra [8] that in several cases there is a homotopy equivalence between Symp M := Symp( M , ω ǫ ) and Symp(M, p) := Symp(M, p, ω), the group of symplectomorphisms of M that fix the point p. Our aim here is to understand both the role played by the symplectic form and what happens in higher dimensions. Throughout we investigate stable phenomena that persist in the diffeomorphism group Diff and under various kinds of deformation; see Remark 1.11.
We will present three different arguments. The first studies a natural map f * : π 1 (M ) → π 0 (Diff M ) defined for any oriented manifold M , and shows that f * is often injective. The second works best for simply connected M and detects nontrivial elements in the homotopy group π 1 (Diff M ) that persist into π 1 ( M f M ), where X X denotes the space of continuous selfmaps of X. Since it uses purely homological ideas, this argument applies to c-symplectic manifolds (M, a), that is, to manifolds of dimension 2n that support a class a ∈ H 2 (M ; R) such that a n = 0. In §6 we add some symplectic ideas to investigate the difference between π 1 (Diff M k ) and π 1 (Symp M k ) for a k-fold blow up of a 4-manifold. The third argument, presented in §4, needs the symplectic structure on M and detects nontrivial elements in the (higher) homology of BSymp M . It uses a characteristic class on BSymp M defined by a suitable parametric Gromov-Witten invariant.
Before explaining our results in more detail, we need some preparation. Recall that the classifying space BSymp(M, p) is the total space of the universal M -bundle over BSymp M
(Later we sometimes denote this bundle by M Symp → BSymp M .) The pullback of this bundle over π : BSymp(M, p) → BSymp M is the universal M -bundle with section. In other words, a map φ : X → BSymp(M, p) determines and is determined up to homotopy by a triple (P φ , π φ , s), where π φ : P φ → X is a symplectic M -bundle and s : X → P φ is a section. Blowing up along this section gives a map More generally, let M be an oriented even dimensional smooth manifold, choose a Hermitian metric on the tangent space T p M at p that is compatible with the orientation (and with the symplectic form if one is given), and denote by Diff U (M, p) the subgroup of Diff(M, p) consisting of diffeomorphisms whose derivative at p preserves the Hermitian metric and so is unitary. Then, maps X → BDiff U (M, p) classify smooth M -bundles over X provided with sections σ that have Hermitian normal bundles. Hence again one can blow up along the section to get a map
Because a symplectic vector bundle has a complex structure that is unique up to homotopy, for symplectic M there is a commutative diagram
in which the inclusion on the top line is a homotopy equivalence. Suppose now that M is an oriented manifold of dimension 2n, and consider the composite
(The first map here is induced by (1.1), while the second is well defined because an oriented R 2n bundle over S 1 has a unique homotopy class of complex structures.) Because there is a fibration Diff M ev → M → BDiff(M, p), ev(φ) := φ(p), the kernel of f * contains the evaluation subgroup ev * π 1 (Diff M ) . 1 We take the target space to be BDiff rather than BSymp since then we can use the pointwise blow up of algebraic geometry. Because BSymp(M, p) is noncompact it is not clear that there is a symplectic blow up of uniform size ǫ > 0 over the whole of BSymp(M, p).
We now consider π 2 . Denote by
the homomorphism induced by taking the derivative at p. In the case when [σ] ∈ π 2 (BDiff U (M, p)) is in the image of BSymp(M, p) and so corresponds to a section s σ of a symplectic bundle P → S 2 with its canonical Hermitian structure, then I c ( [σ] ) is the value on s σ of the first Chern class c V 1 of the vertical tangent bundle. If (M, a) is c-symplectic and simply connected, there is another useful homomorphism vanishes on all a ∈ C. But 0 = d(a n+1 ) = (n + 1)a n da which implies that da = 0 since multiplication by a n induces an isomorphism E 3,0
. If a ′ is any extension of a, it is easy to check that
satisfies the conditions if λ := M a n . (Here π ! : H 2n+2 → H 2 denotes the cohomology push forward, i.e. integration over the fiber.) 2
The pullback of a to the total space of an M -bundle P → Z is often called the coupling class; we will also call it the normalized extension of a. On a product bundle, for example, it is just the obvious pullback pr * M (a) of a. If we think of [σ] as an M -bundle P → S 2 with section s σ , then I a ([σ]) is given by evaluating the coupling class a on the section s σ . We say that [σ] ∈ π 2 (BDiff U (M, p)) is homologically visible if it has nonzero image under the homomorphism I c ⊕ I a for some a ∈ C. Proof. First assume that π 1 (M ) = 0. The boundary map π * +1 (BDiff 0 ) → π * (M ) in the fibration (1.4) desuspends to the map ev * :
Since ev induces the trivial map on π 2 ⊗Q, the kernel of the induced map f * :
consists of torsion elements. This map f * can be described explicitly as follows. Given σ : S 2 → M the element f * [σ] corresponds to the trivial bundle M × S 2 → S 2 with section gr σ : z → (σ(z), z). Since the normalized extension of the class a ∈ C M to M × S 2 is just pr * M (a), we find that
. Therefore, because C is open, the elements in imf * that are not detected by some homomorphism I a have the form When (M, ω) is symplectic, the map f : M → BDiff M defined in (1.2) factors through BSymp( M , ω ǫ ) for suitably small ǫ. One can construct this lift explicitly as follows. Consider the product M × M with symplectic form Ω := ω × ω. Then the diagonal is a symplectic submanifold, and so one can blow up normal to it by some amount ǫ 0 > 0 to get a symplectic fibration
By shrinking the size of the blow up, one gets a corresponding fibration ( P ǫ , Ω ǫ ) → M for every ǫ ≤ ǫ 0 . Note that the initial fibration ( P ǫ 0 , Ω ǫ 0 ) → M might depend on the choice of blow up. However any two choices become equivalent for small enough ǫ > 0. Define
to be the classifying map of this fibration. Then for each σ :
is represented by the pullback of P ǫ → M over σ. (Kȩdra gives another description of this map in [8] .) Theorem 1.4 implies that the subgroup f * (Z⊕0) is disjoint from the image of ( f ǫ ) * (π 2 (M )) in π 2 (BDiff M ). It seems very likely that for any form ω ǫ there are no elements in π 2 BSymp( M , ω ǫ ) that map into f * (Z⊕0). This is true when M = CP 2 since in this case π 2 BSymp( M , ω ǫ ) is known to be Z. It is not clear how to prove this in general, though §6 makes some progress in the 4-dimensional case: see Proposition 6.11 and Corollary 6.12.
The next result is based on detailed knowledge of the symplectic geometry of the one point blow up CP 2 #CP 2 =: X of CP 2 . In particular, it uses the fact (proved in [12] ) that every symplectic form on X is diffeomorphic to some ω ǫ .
is not generated by the images of π 2 (BSymp(X, ω)), as ω varies over the space of all symplectic forms on X. Remark 1.8. (i) During the proof of this proposition we show that the obvious inclusion S 2 := CP 1 ֒→ CP 2 gives rise not to the generator of π 2 (BSympX) (as one might initially expect) but to three times this generator.
(ii) There are many blow up manifolds that do not admit circle actions. For example, in dimension 4 Baldridge [2] has shown that if X has b + > 1 and admits a circle action with a fixed point then its Seiberg-Witten invariants must vanish. Since manifolds that admit fixed point free circle actions must have zero Euler characteristic, this implies that no simply connected Kähler surface with b + > 1 admits a circle action. On the other hand, Corollary 1.5 implies that if X is a blow up and π 1 X = 0 the groups π 1 (Symp) and π 1 (Diff) do not vanish. Thus, as pointed out in Kȩdra [9] , there are plenty of examples of nonzero elements of π 1 (Symp) or π 1 (Diff) that cannot be represented by a circle action.
2 One of the motivations of the present work was to understand the limits of Kȩdra's argument.
Our final argument detects parts of the image of H * (M ) in the homology of BSymp M . If π 1 M = 0, the classifying map f ǫ : M → BSymp M of the fibration (1.6) factors through the simply connected space BSymp 0 M = BHam M , where Ham denotes the Hamiltonian subgroup Ham ⊆ Symp 0 . We denote by C * the subring of H * (M ; Q) generated 3 by the classes in H 2 (M ), and define
Theorem 1.9. Suppose that π 1 (M ) = 0. Then, the kernel of
When π 1 (M ) = 0, Theorem 1.1 implies that the bundle (1.6) is usually not trivial over its 1-skeleton. Thus its classifying map need not lift to to BHam (or even to BSymp 0 ). This is important because we detect the image of ( f ǫ ) * by using characteristic classes, and typically these live on BHam rather than BSymp 0 or BSymp; cf. §4. One way one might try to deal with this is to note that because the fiberwise symplectic forms on (1.6) extend 2 By using the geometric decomposition of a Hamiltonian S 1 manifold provided by the moment map, it is easy to show when dim M = 4 that certain elements η in π1(Ham) cannot be represented by an S to the closed form Ω ǫ , one can lift the classifying map to the space BHam s defined in [22] . One can then try to use characteristic classes coming from the coupling class on M Ham s . The problem here is that when H 1 (M ; R) = 0 the normalization condition in Lemma 1.3 does not uniquely determine the extension a of a = [ω] to the total space of an M -bundle P → Z unless H 1 (Z; R) = 0.
We shall adopt an easier approach, restricting consideration to classes [σ] ∈ H d (M ; Q) that are represented by smooth maps σ : Z → M where Z is a closed and simply connected oriented d-manifold. (For short we will call these smooth simply connected cycles. If dim M > 4 these generate the image of the homology of the universal cover of M ; see Lemma 4.4 .) The corresponding M -bundles P → Z are then classified by maps Z → BSymp 0 M . These lift further to BHam M because of the existence of the closed extension Ω ǫ of the fiberwise symplectic forms. (This is another place where it is important that π 1 (Z) = 0; see [13, Erratum] .)
Even with these conditions the question of which classes can be detected in BHam M is quite subtle; see Example 4.6. Recall that (M, ω) is said to have the hard Lefschetz property if for all k ≤ n, the map 
(ii) Z = S 2k and (M, ω) has the hard Lefschetz property. Remark 1.11. (i) When we work in the symplectic category, we cannot control the size of the blow ups and so must assume that they are arbitrarily small. We can say something about size only when we make several blow ups; for example, if we blow up twice, the second blow up may have to be smaller than the first. (For more precise statements see Propositions 5.3 and 6.4 and Corollary 6.7.) (ii) Our methods detect very stable symplectic phenomena that persist even in the diffeomorphism group. This should be contrasted with the work of Seidel [27] who in the 4-dimensional case detects nonzero elements in π 0 (Symp (X, ω X )) that disappear in π 0 (DiffX). In his Example 1.13, (X, ω X ) is the monotone blow up of CP 2 at 5 points in which each point is blown up to exactly one third of the size of the line L in CP 2 . If one blows up each point slightly less (but still keeps all the blow ups the same size) then at least some of these elements in π 0 (Symp(X, ω X )) become zero: for example, the class L − E 1 − E 2 − E 3 is represented by a Lagrangian sphere in the monotone case, but by a symplectic sphere when the size is reduced. Therefore the square of the Dehn twist in this sphere becomes trivial. If the sizes of the blow ups are all different, then the above argument applies to a set of generators for π 0 (Symp H (X, ω X )) so that this whole group vanishes. (Here Symp H denotes the subgroup acting trivially on H * (X).) It would be interesting to investigate the map
induced by φ → φ × id to see if it has nontrivial image. In contrast, the elements of π * (BDiff M ) considered in this paper do remain nontrivial when M is stabilized to a product M × Y .
(iii) There is still rather little work that compares the homotopy of Symp and Diff, or that discusses the dependence of π k (Symp) on the symplectic form for manifolds of dimension > 4. Here are two notable exceptions. Ruan [25] gives examples of 6-manifolds such that π 0 (Symp d ) does not surject onto π 0 (Diff), where Symp d is the group of diffeomorphisms that preserve that symplectic form up to deformation, while Seidel [26] studies the changes in
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The fundamental group
In this section we first discuss some homotopy theoretic approaches to the above questions, and then prove Theorem 1.1. Let M be a closed oriented manifold and consider the diagram
Here JM denotes the space of pairs (x, J x ), where x ∈ M and J x : T x M → T x M is an almost complex structure compatible with the orientation of M . Thus there is a Hurewicz fibration SO(2n)/U (n) → JM → M . Since DiffM acts transitively on JM the bottom row in the above diagram is exact. The top row is also exact. Here we identify the exceptional divisor Σ with CP n−1 and denote by E the space of all smooth embeddings of Σ into M that extend to diffeomorphisms of M . Thus an element of E factors (nonuniquely) as
If E/U is the quotient of E by the action of U (n) on the domain, Diff( M ) acts transitively on E/U with kernel Diff U ( M , Σ) equal to the stabilizer of the inclusion map Σ ֒→ M . By standard arguments the groups Diff U (M, p) and Diff U ( M , Σ) are homotopy equivalent to the subgroups where the diffeomorphisms are unitary in a neighborhood of p and Σ. Thus these two groups are homotopy equivalent.
We are interested in understanding the zig-zag composite
The first map is relatively understandable, since the previous discussion shows that its kernel is closely related to the image of the evaluation map
Therefore, the problem is to understand the kernel of the last map, i.e. the image of
In the 4-dimensional symplectic situation considered by Kȩdra, the space analogous to E/U consists of symplectically embedded 2-spheres and is often contractible. 4 However, this need not hold in the smooth case or in higher dimensions. 4 Suppose for example, that [ω] is integral and ǫ has the form 1/N for some integer N . Then the exceptional divisor Σ is a curve of minimal energy in ( f M , e ωǫ) and so has a unique embedded J-holomorphic representative for each ω-tame J. This implies that there is a homotopy equivalence from the contractible space J (ω) of ω-tame J to E /U : see Lalonde-Pinsonnault [15, §2] .
We now restrict to the case k = 1. We will prove Theorem 1.1 by showing that the kernel of π 1 M → π 1 (BDiff M ) is the image of π 1 (B), where B ⊂ M f M is the space of smooth blow down maps.
To this end, fix a blow down map φ 0 : ( M , Σ) → (M, p) and denote by B the set of smooth maps conjugate to φ 0 . More precisely
where HomeoM is the group of homeomorphisms 5 of M and the subscript 0 denotes that we consider the identity component. Thus φ : M → M is an element of B iff
• there is q ∈ M such that φ : M \ {φ −1 (q)} → M \ q is a diffeomorphism, and
the space of smoothly embedded submanifolds isotopic to Σ.
(For then there is g ∈ Diff 0 M such that g(φ −1 (q)) = Σ so that φ can be written as h•φ 0 • g for suitable h.) Although the elements φ ∈ B do not have unique factorizations into pairs (h, g), each φ induces a diffeomorphism M \ g −1 (Σ) → M \ {h(p)}. In particular, there are well defined maps
Observe also that h 
The following lemma explains some of the elementary properties of the generalized evaluation subgroup im ev * . The present formulation of (i) is due to Kȩdra. The results here can be be considerably extended; see Gottlieb [7] .
) acts trivially on the elements in the image of
We begin the proofs with the following lemma. 5 It is convenient to relax the smoothness conditions on h since then for any diffeomorphism e g : (
However, because h • φ0 • e g and e g are both smooth, h is smooth except at the basepoint p. Lemma 2.3. Fix a point p ∈ Σ. Any element α ∈ π 1 (E) can be represented by a path
Proof. Lift α to a path g t : Σ → M , t ∈ I, in E. Extend it to a path g t , t ∈ I, in Diff M such that g 0 = id and consider the mapping torus P → S 1 of g 1 :
Since g 1 lies in the identity component of Diff M , this is a smoothly trivial bundle and hence its homology is the product
Let Σ t := g t (Σ) and denote by Σ ⊂ P the union of the submanifolds Σ t × {t}, t ∈ S 1 . Then Y t := Σ t ∩ Σ is nonempty for all t. Moreover, by jiggling the g t we may arrange that Y := ∪ t Y t × {t} ⊂ P is a manifold of dimension 2n − 3 and that Y 0 is connected and contains p. We claim that there is a smooth map γ : S 1 → Y whose projection π • γ onto S 1 has degree 1. To see this, note first that
Hence π * (dt) does not vanish on some cycle γ : S 1 → Y and we can arrange that its projection to S 1 has degree 1 because Y 0 is path connected. Let β := π • γ :
Replacing g t by the homotopic loop g β(t) , we can assume that γ(t) ∈ Y t ⊂ Σ for all t ∈ S 1 . But γ contracts in Σ to the point p. Therefore we can homotop the loop g t (Σ) in E so that p ∈ g t (Σ) for all t, and then choose g t to fix p.
Proof of Proposition 2.1. Let P → S k be the blow up of M × S k along s σ , where σ : S k → M . Suppose that π : P → S k is smoothly trivial. Then there is a smooth family of diffeomorphisms g t : M → M t := π −1 (t) for t ∈ S k such that g 0 = id. Define φ t ∈ B by
where φ P : P → M × S k is the blow down map and pr M is the projection to M . By
is a smooth map that is a diffeomorphism over M × S k \ s σ and is a blow down over each point in the section s σ . Hence P ∼ = M × S k by the uniqueness of the blow up construction. This proves (i). Now suppose that k = 1. Let Σ ′ t ⊂ M t , t ∈ S 1 , be the copy of the exceptional divisor that is blown down by φ P and define Σ t := f
. This is a loop in E. Choose a family of decompositions φ t := h t • φ 0 • g t , t ∈ I, for the loop φ t ∈ B, starting with h 1 = g 0 = id. Then g −1 t (Σ) = Σ t . Lemma 2.3 implies that we may assume that g t ( p) = p for all t. Therefore ev B (φ t ) := h t (p) = g t ( p) =: ev(φ t ). This proves (ii).
2
This proves the first statement. Next observe that when i < 2n every element in π i M lifts to M . In fact, since M is diffeomorphic to the connected sum of M with CP n (oppositely oriented), M has a cell decomposition with one vertex at p, one 2n-cell e 2n , and (2n − 1)-skeleton of the form X ∨ Σ, where X is the (2n − 1)-skeleton of M . This proves (i).
(ii) holds because when M is the blow up X of X every nonzero element of π 1 M acts nontrivially on π 2 (M ). This follows immediately from the fact that M is the connected sum of X with (CP n ) opp , so that the universal cover of M is the connected sum of the universal cover of X with |π 1 (X)| copies of (CP n ) opp on which the group of deck transformations acts effectively.
To prove (iii), consider
close to the identity, with nondegenerate fixed points and such that h(p) = p. Then Z intersects the graph of
(Since Z is a stratified space with top stratum of half the dimension of the ambient manifold and one other stratum of codimension 2, it makes sense to talk of transversality here. Note that all the intersection points must lie in
Now suppose that φ t , t ∈ S 1 , is a loop in the space of smooth maps Map
where h is as above) and such that its graph in M × M × S 1 is transverse to Z × S 1 . We will show that ev * (φ) = ev * (φ ′ ) vanishes by finding a loop p t ∈ M of coincidence points, i.e. points where
(In fact, we will achieve this after a reparametrization of φ ′ .) Then the loop t → φ ′ t ( p t ) is homotopic in (M, p 0 ) to the sum of the loops t → φ ′ 0 ( p t ) and t → φ ′ t ( p 0 ). Since equation (2.1) implies that the first two loops are equal, the third loop t → φ ′ t ( p 0 ) is contractible. To find the coincidence points we use smooth intersection theory (which is why we restrict to the space B of smooth maps.) It is convenient to take t ∈ [0, 1] =: I instead of t ∈ S 1 . Note that for generic t ∈ I, the signed number of points in the intersection of gr φ ′ t with Z × t is χ(M ) = 0. Hence, the intersection of gr φ ′ with Z 0 × I contains at least one connected component that projects to (I, ∂I) by a map of degree 1. Reparametrize φ ′ so that this projection is the identity. Then, because all intersection points lie in
We now extend the path p t , t ∈ I, to a loop p t , t ∈ [0, 2], by choosing p t , t ∈ [1, 2] to be any path in M from p 1 to p 0 . Since φ ′ t = φ 0 for t ≥ 1, we can achieve (2.1) by a further reparametrization. 2
Remark 2.4. It is not clear how to extend the arguments in this section to the case k > 1. Even if one could prove some analog of Proposition 2.1 (ii) for k > 1, the map ev
is not easy to work with. In particular, since M f M is not an Hspace, we cannot immediately claim that the image of this map is torsion when k is even (as is the case for the usual evaluation map M M → M .) All the basic questions can of course be phrased in terms of the space E/U , but this seems no more accessible. In the next section we develop some homological tools that work when M is c-symplectic and k = 2. One of their advantages is that they adapt easily to the case of many blowups; see §5.
The c-symplectic case
This section proves Theorem 1.4, Proposition 1.7 and Corollary 1.5. Unless explicit mention is made to the contrary, in this section (M, a) is a connected and simply connected closed c-symplectic manifold.
Denote by Q → BDiff U (M, p) the pullback of the universal M -bundle over BDiff M by the blow up map BDiff
It is obtained by blowing up the universal M -bundle over BDiff U (M, p) along its canonical section. For each map σ :
by σ, and by P λ,ℓ → S 2 the corresponding M -bundle with section s σ .
The following result clearly implies Theorem 1.4. Proof. Consider the M -bundle P := P λ,ℓ π → S 2 , and denote its coupling class by a ∈ H 2 (P ). This is the unique class that restricts to a on the fiber M and is such that the fiberwise integral π ! (a n+1 ) := M a n+1 ∈ H 2 (S 2 ) vanishes. Choose an area form β on S 2 so that the product class a + π * ([β]) evaluates positively over the section s σ ⊂ P . Then the normalization condition on a implies that
Now choose a representative Ω of the class a+π * ([β]) that restricts in some neighborhood U of s σ to a symplectic form that induces the given almost structure on its normal bundle. 6 Next choose ǫ 0 so that a neighborhood of s σ of capacity ǫ 0 (and hence radius r 0 := ǫ 0 /π) embeds symplectically in U . Then, for any ǫ < ǫ 0 we can perform the ǫ-blow up along s σ symplectically in U ; more details are below. Denote the resulting bundle by ( P λ,ℓ , Ω ǫ ). We show below that
where v ǫ := ǫ n n! is the volume of a ball of capacity ǫ. Note that the underlying smooth bundle P → S 2 does not depend on the choice of ǫ. Therefore, if P λ,ℓ → S 2 were a smoothly trivial fibration, then, for all ǫ, the volume of P λ,ℓ would be the product of V − v ǫ := vol( M , ω ǫ ) with the "size" µ of the base. Since µ could 6 It is not necessary to use symplectic geometry at all in this proof. We do so because it is well understood how symplectic forms behave under blow up.
be measured by integrating Ω ǫ over a section of P which is the same for all ǫ, µ = µ 1 + kǫ would be a linear function of ǫ. Therefore, the two polynomial functions vol( P λ,ℓ , Ω ǫ ) and (V − v ǫ )(µ 1 + kǫ) would have to be equal. This is possible only if λ = 0 and also k = ℓ = 0. The result follows.
It remains to derive the formula for vol( P λ,ℓ , Ω ǫ ). First assume that ℓ = 0. Then the section s σ has trivial (complex) normal bundle in M × S 2 . Hence it has a neighborhood U ǫ ⊂ U that is symplectomorphic to a product B 2n (ǫ) × s σ . Thus, by equation (3.1), the volume of U ǫ with respect to the form Ω is vol(U ǫ ) = v ǫ (µ 0 + λ). We may obtain the blow up by cutting out U ǫ from (P, Ω) and identifying the boundary via the Hopf map; see Lerman [11] . Then
Now consider the case when ℓ = 0. Then the normal bundle to s σ in M × S 2 is isomorphic to the product C n−1 ⊕ L ℓ , where L ℓ → S 2 is the holomorphic line bundle with c 1 = ℓ. Therefore, we can choose Ω so that it restricts in some neighborhood of s σ to the product of a ball in
Identifying N δ (L ℓ ) with part of a 4-dimensional symplectic toric manifold, we can see that its volume is hδ − ℓδ 2 /2, where h = area of zero section and δ = πr 2 is the capacity of the disc normal to s σ . Therefore, since h = µ 0 + λ here,
Everything in the previous calculation remains valid except that we have to add v ǫ ℓǫ/(n+1) to the volume of P λ,ℓ . This completes the proof.
Proof of Corollary 1.5. The above proof of Theorem 1.4 uses the fact that π 1 (M ) = 0 to assert the existence of a coupling class a on the initial M -bundle P → S 2 , from which we construct the form Ω ǫ on the blow up P λ,ℓ → S 2 . In the situation of this corollary we are starting with a trivial bundle M × S 2 → S 2 which always has a coupling class, namely pr * M (a). Hence the required form Ω ǫ exists on the blow up P λ,ℓ → S 2 . The previous argument now applies to show that this bundle is nontrivial whenever (λ, ℓ) is nonzero. The corollary now follows as in the case when π 1 (M ) = 0.
Proof of Proposition 1.7. Let X := CP 2 #CP 2 , the one point blow up of CP 2 . Let a ∈ H 2 (CP 2 ) be the class of the Kähler form τ 0 on CP 2 normalized to integrate to 1 over the line. By [12] , any symplectic form τ on X is diffeomorphic to a form obtained by blow up from τ 0 . Suppose first that τ = τ ǫ is the ǫ-blow up of τ 0 . By Abreu-McDuff [1] , π 1 (Symp(X, τ )) = Z is generated by the circle action that rotates the fibers of the ruling X := P(L 1 ⊕ C) → CP 1 once. If X → P → S 2 is the fibration corresponding to this generator, then one can blow down the exceptional divisors in the fiber to obtain a CP 2 -bundle over S 2 with section s. Note that I c (s) = ±1, and we can choose the sign of the generator so that I c (s) = 1.
The blown down bundle is nontrivial, but has order 3 since π 1 (Symp(CP 2 )) = π 1 (P U (3)) = Z/3Z; see [23, Ch 9] . Thus three times the generator of π 1 (Symp(X, τ )) = π 2 (BSymp(X, τ )) is the bundle given by blowing up the product CP 2 × S 2 along the graph of the map σ : S 2 → CP 2 with image equal to the positively oriented line. Thus it corresponds to the bundle P λ,ℓ where (λ, ℓ) = (1, 3) . Therefore, the image of π 2 (BSymp(X, τ )) in π 2 (BDiffX) corresponds to the set of fibrations P ℓ/3,ℓ , ℓ ∈ Z. Now consider the form τ ′ := φ * (τ ǫ ), where φ : X → X is complex conjugation. Then (X, τ ′ ) is obtained by blowing up the complex conjugate (CP 2 , , τ 0 ) of the standard CP 2 . But the first Chern class of the line in (CP 2 , , τ 0 ) is still three times the value of the normalized Kähler form on the line. Hence the image of π 2 (BSymp(X, τ )) in π 2 (BDiffX) again corresponds 7 to the bundles P ℓ/3,ℓ , ℓ ∈ Z. When appropriately scaled, every symplectic form on X is diffeomorphic either to τ or τ ′ by a diffeomorphism that acts trivially on cohomology and hence fixes both the symplectic class and the first Chern class. Since the volume computation is a calculation in the cohomology of X, it is also unchanged by such a diffeomorphism. It follows that if τ ′′ is an arbitrary symplectic form on X, normalized so that its integral over the line has absolute value 1, the image of π 2 (BSymp(X, τ ′′ )) in π 2 (BDiffX) corresponds to a set of bundles over S 2 with volume forms equal to those of P ℓ/3,ℓ , ℓ ∈ Z.
Let A be the subgroup of π 2 (DiffX) generated by the images of π 2 (BSymp(X, τ ′′ )) as τ ′′ varies over all symplectic forms on X. Addition in π 2 (BDiffX) corresponds to taking the fiber sum of the corresponding bundles. Hence, because the volume of ( P ℓ/3,ℓ , Ω ǫ ) depends linearly on ℓ, any bundle P → S 2 given by α ∈ A has volume equal to that of some bundle ( P ℓ/3,ℓ , Ω ǫ ). Hence the bundles P 0,ℓ , ℓ ∈ Z, do not correspond to elements of A. This completes the proof. 2
Remark 3.2. (i) It would be interesting to find a way to establish the nontriviality of the elements in π k (Diff M ) for k > 2 constructed by blowing up the product M × S k along pt × S k with respect to a complex structure given by a nonzero element in π k (SO(2n)/U (n)). For example if n ≥ 4 one might use a nonzero element from π 6 (SO(2n)/U (n)).
(ii) One might also attempt to use a similar construction with the manifold X = S 2 × S 2 , considering this as the blow up of the orbifold Y given by collapsing the antidiagonal in S 2 × S 2 to a point y * . Since a neighborhood of y * is diffeomorphic to R 4 /(±1), we may construct a bundle X → P → S 2 from Y × S 2 by blowing up along the constant section y * × S 2 with respect to a nontrivial family of almost complex structures J z , z ∈ S 2 , on T y * Y . For example, we could identify S 2 with the unit sphere in R 3 ≡ (Re 1 ) ⊥ ⊂ R 4 (where e 1 = (1, 0, 0, 0)) and define J z by setting it equal to the unique element of SO(4)/U (2) such that J z (e 1 ) = z. The resulting loop in Diff(S 2 × S 2 ) is certainly not homotopic to a symplectic loop. However, it seems to represent the sum [Λ] − [σΛσ], where σ : (z, w) → (w, z) is the obvious involution of X and Λ is the symplectic loop that rotates X once about its diagonal and antidiagonal, i.e. if we identify X with the Hirzebruch surface P(L 2 ⊕ C), where L 2 → S 2 is the holomorphic line bundle with Chern number 2, then
. Therefore it is in the subgroup A ⊂ π 2 (Diff X) considered above.
7 Observe that the parameter λ in the bundle e P λ,ℓ is determined by the fixed choice of c-symplectic class a on X. Hence if σ : S 2 → (CP 2 , τ 0) is an τ 0-symplectic embedding onto the line then R σ * (b a) = −1 and the corresponding X-bundle is e P−1,−3.
The symplectic case
This section proves Theorem 1.9. We begin with a discussion of characteristic classes defined by parametric Gromov-Witten invariants. This approach was first suggested by Le-Ono [16] and was then used by Buse [4] .
In the easiest case, we have a class A ∈ H 2 (M ; Z) such that the formal dimension of the space M g,0 (J, A) of unparametrized J-holomorphic A-curves of genus g is −k < 0. Let A denote the orbit of this class under the action of π 0 (Symp M
the "number" of unparametrized holomorphic A -curves of genus g in the fibers of P σ . If Symp H denotes the subgroup of Symp that acts trivially on H 2 (M ; Q) there is a similar class c(A, g) ∈ H k (BSymp H M ) that only counts curves in class A.
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Invariants of the above type were used in [16, 4] . More generally, one might want to count curves that satisfy certain constraints that are pulled back from the cohomology of the universal M -bundle M Symp → BSymp. In the problem at hand we cannot use arbitrary cohomology classes on M Symp since we need there to be a relation between the characteristic classes for M and those for M . We therefore consider two different kinds of constraints.
First, we use constraints given by classes in H * (M ) that have canonical extensions to H * (M Symp ). The most obvious classes with this property are the Chern classes of the tangent bundle of M , which extend to the Chern classes of the tangent bundle of the fibers of M Symp → BSymp. However, these do not behave well under blowup and so are not very useful here.
Another possibility is to use the classes of C * , the subring of H * (M ) generated by C. If H 1 (M ; R) = 0 these classes extend to the universal bundle M Symp 0 → BSymp 0 M by Lemma 1.3. For general M , they extend to the universal Hamiltonian bundle M Ham → BHam M by [14, 13] . The proof of Lemma 1.3 shows that in both cases one can pick a unique normalized extension to M Ham . For each κ ∈ C * , choose a representing polynomial q κ := q κ (a 1 , . . . , a m ) in the elements a i ∈ C. Then κ extends to q κ := q κ ( a 1 , . . . , a ℓ ). (This extension depends on the choice of polynomial q κ .) We then get classes of the form
where −k = 2n + 2c 1 (A) − 6 ≥ 0. The value of such a class on σ * [Z] is (intuitively) the number of ℓ-pointed genus g A-curves in the fibers of P σ → Z meeting cycles representing the Poincaré duals (with respect to P σ ) of the classes q κ 1 , . . . , q κ ℓ . The proof that these classes are well defined when g = 0 and (M, ω) satisfies a suitable semi-positivity hypothesis is given in Buse [4] and may also be extracted from [23] . The general case is established by the usual methods of the virtual moduli cycle; cf. Li-Tian [18] for example.
We now return to the specific case at hand. In our examples, g = 0 and so we will often omit it from the notation. Let us first suppose that [σ] is detected by some element κ ∈ C * . Let −e ∈ H 2 ( M ) be Poincaré dual to the exceptional divisor, so that PD(e n−1 ) = E, the class of a line in the exceptional divisor. Denote by κ :
. Then the characteristic class of the form (4.1)
is well defined. As we see below, when the bundle P → Z is constructed as a blow up, the value of c(E; e n−1 , e n−1 q e κ ) on σ * [Z] is given by integrating q e κ over a suitable section of the bundle Σ → Z of exceptional divisors.
The basic reason why the next proposition holds is that the extensions q κ are well behaved under blow up. More precisely, suppose that the M -bundle P → Z is the blow up of the trivial bundle P = M × Z → Z along gr σ , and let φ P : P → P be the blow down. Then, if H 1 (M ; Q) = 0, it is easy to see that φ P pulls the coupling class a ∈ H 2 (P ) of a ∈ C M back to the coupling class of φ * M (a) in P → Z. (One just needs to check this when dim Z = 2 and then the normalization condition for the coupling class c is that c n+1 = 0.) Hence The proof uses the following lemma. Proof. Choose J 0 on M that equals the standard integrable structure near the exceptional divisor Σ. Let ℓ 1 , ℓ 2 be two disjoint embedded 2-spheres in M representing E that meet Σ once transversally (with sign −1). Consider the moduli space M 0,2 (E, J 0 ) of J 0 -holomorphic E-spheres with 2-marked points in M (quotiented out by C, the reparametrizations that fix 0, ∞ ∈ S 2 .) Since the exceptional divisor Σ is J 0 -holomorphic and E·Σ = −1, the only J 0 -holomorphic E-curves in M are the obvious curves in Σ. Thus M 0,2 (E, J 0 ) is compact, except that the two marked points can come together. Hence it can be completed to a manifold by adding in the relevant stable maps, that have a ghost bubble with the two marked points on it. We call the compactified space M 0,2 (E, J 0 ). All the elements in M 0,2 (E, J 0 ) are regular by construction. So M 0,2 (E, J 0 ) is a manifold of dimension 2n + 2c 1 (E) − 2 = 4n − 4. Consider the evaluation map
It meets ℓ 1 × ℓ 2 exactly once and transversally. This proves the lemma.
Proof of Proposition 4.1. Consider the bundle π Z : ( P , Ω ǫ ) → Z given by the ǫ-blow up of M × Z → Z along gr σ . Choose a family J of fiberwise Ω ǫ -tame almost complex structures J z , z ∈ Z, on P , that are standard near each exceptional divisor Σ z . Denote by Σ the union of the exceptional divisors. Then the moduli space M 0,0 (E, J) of unparametrized J-holomorphic E-spheres is a compact manifold of dimension 4n − 4 + 2k consisting of regular curves. The evaluation map ev : M 0,2 (E, J) → P × P is a pseudocycle of dimension 4n + 2k. 9 Further c(E; e n−1 , e n−1 q e κ ), ( f ǫ ) * [Z] is the intersection number of ev : M 0,2 (E, J) → P × P with the product X 1 × (X 2 ∩ X 3 ), where X 1 , X 2 represent the Poincaré dual of e n−1 and X 3 represents that of q e κ . To calculate this, choose a smoothly embedded 10 submanifold X ⊂ P that represents the Poincaré dual of e n−1 , choose two copies X 1 , X 2 of X that intersect Σ in transversally intersecting 2k-dimensional submanifolds Y 1 , Y 2 , and consider the submanifold M cut := ev −1 (X 1 × X 2 ) of M 0,2 (E, J). Evaluation at the second marked point ev 2 : M cut → P is a 2k-dimensional pseudocycle (with image in Σ ∩ X 2 ) and, by definition,
where the second equality holds by (4.3). We now claim that φ P • ev 2 :
To see this, consider the codimension 2 submanifold
Because there is a unique J-holomorphic E-curve through each pair of distinct points in Σ z ,
But by construction the map φ P : Y i → gr σ has degree 1. Hence φ P • ev 2 : M cut → gr σ also has degree 1.
Therefore, ev *
where the second equality holds because, for the trivial bundle P = M × Z → Z, we have q κ = pr * M (κ). 2 9 Note that we do not compactify here, i.e. the 2 marked points are assumed distinct, but we do divide out by the reparametrization group. Pseudocycles are discussed in [23, 29] . 10 The Poincaré dual of b e can be represented by an embedded submanifold Q: take the inverse image of a hyperplane by a map P → CP N representing b e. Hence we can take X to be an iterated intersection.
roughly speaking X intersects a generic fiber of e P → Z in a line. Proof. This is an immediate consequence of Proposition 4.1.
We next turn to the proof of Proposition 1.10, which concerns classes [σ] that can be represented by smooth, simply connected cycles, i.e. smooth maps σ : Z → M where the manifold Z is simply connected. The next lemma is no doubt well known. We include a proof for completeness. Proof. Case (i) has the same proof as Proposition 4.1. The crucial point is that an analog of Lemma 1.3 holds in this setting. We know that all classes a ∈ C extend to M Ham by Lalonde-McDuff-Polterovich [14, 13] . Moreover, because π 1 (Z) = 0 any two extensions differ by a class pulled back from the base. Hence the normalization condition is enough to provide a unique extension that satisfies the compatibility condition (4.3).
In case (ii) all classes in H * (M ; Q) extend to M Ham by Blanchard [3] . The same holds for M since this also has the hard Lefschetz property. The difficulty is to ensure that the extensions satisfy the analog of (4.3). We do this by imitating the normalization procedure in Lemma 1. 11 We can assume that Z is embedded by Thom's well known result that rational homology is generated by embedded smooth cycles.
where a is the coupling class (i.e. normalized extension of the symplectic class [ω]), and M denotes integration over the fiber. (The proof is as in Lemma 1.3; given any extension b ′ simply subtract from it the pullback of a suitable multiple of π ! ( b ′ a n ).) This normalized extension b may not be unique. However, its pullback to any bundle P → Z over a sphere Z = S d is unique. Moreover because the normalization condition on P is simply that b a n = 0 ∈ H 2n+d (P ) the analog of (4.3) (1.6) is symplectically trivial over the 1-skeleton of the base M . Therefore, because π 1 (M ) has no torsion, this bundle is classified by a map into BHam M ; see [13, Erratum] . Because T 2n has the hard Lefschetz property, one might then expect H d (M ) to inject into H * (BHam M ) for all 1 < d ≤ 2n. But this map is trivial because there is an automorphism of the product bundle M × M → M that takes the diagonal to the constant section; in fact the evaluation map ev : Symp 0 (T 2n ) → T 2n is surjective on homology. This example explains why one needs some conditions in part (ii) of Proposition 4.5, though one might well be able to weaken the ones given. 
is multiplication by a nonzero constant, π * is injective.
Blowing up at many points
Now suppose that we blow up more than once. The first result concerns simultaneous blow ups. 
Proof. Fix a metric on M . Given a (small) constant ν > 0, define ∆ ν ⊂ M k by setting
. . , x k ) that are mutually separated by a distance of at least ν. Hence, for sufficiently small ǫ 0 = ǫ 0 (ν) > 0, it is possible to blow up M × (M k \ ∆ ν ) along these sections simultaneously with any weights ǫ i ≤ ǫ 0 . This defines a model fibration 
For each j, α as above, consider the map
is represented by the pullback of the model fibration by σ j α . This defines f k * on a set of generators of H 2 (M k )/torsion. To see that it is injective, one calculates volumes as before, considering these as a function of the k blow up parameters ǫ 1 , . . . , ǫ k . This proves (ii).
The proof of (i) is a straightforward adaptation of that of Corollary 1.5, and is left to the reader.
The above result is weaker than it need be. Suppose for example that H 2 (M ) has rank r and that k = 2. Then the argument above detects a subgroup of rank 2r + 2 inside π 2 BDiff M 2 . However this group should contain a subgroup of rank 2r + 4, where the two extra generators γ 1 , γ 2 come from doing one of the blow ups along a line in the exceptional divisor formed by the other blow up. These blow ups can no longer be done simultaneously. Rather, the corresponding fibration P → S 2 is a fiber sum P 1 # P 2 where each P i is the ǫ i -blow up of M 1 × S 2 along a suitable section. Thus when forming P 1 one starts with a trivial fibration whose fiber has volume V − v ǫ 2 , while for P 2 the fiber has volume V −v ǫ 1 . More generally, if we blow up k times, then P decomposes as P 1 # · · · # P k , where P i is the ǫ i -blow up of a trivial bundle with fiber of volume V − j =i v ǫ j along a section s i whose homology class lies in a group of rank r + k − 1 and has one parameter ℓ i describing its normal bundle. Therefore,
where λ i := I a (s i ) is no longer constant but is a sum λ ′ i + λ ′′ i , where λ ′ i = j =i m ij ǫ j for m ij ∈ Z, and λ ′′ i ∈ R. If the bundle were trivial this polynomial would have the form (V − j v ǫ j )(µ + k j ǫ j ). Since V = 0 and vol( P λ,ℓ , Ω ǫ ) has no terms that are linear in the ǫ i it follows as before that all the coefficients k i , m ij , λ i , ℓ i , must vanish and that µ = µ i . This proves the following result.
Proposition 5.2. Let (M, a) be a c-symplectic manifold and denote by M k its k-fold blow up. Then the rank of π 2 BDiff M k is at least k(r + k), where r := rank π 2 (M ).
We now address the question of when these new elements in π 2 BDiff M k can be constructed to be symplectic. Note that if (M, ω) is a blow up, the size of its exceptional divisor does not constrain the maximal size of a single symplectically embedded ball; for example if one blows up CP 2 just a little, one can blow it up again using a much larger ball. However the next argument shows that it does constrain the size of suitable families of embedded balls.
Proposition 5.3. Let (X, ω) be a symplectic manifold that is itself a blow up of size α, that is α is the integral of ω over a line in the exceptional divisor Σ X . Suppose that σ :
(ii) If ρ t , 0 ≤ t ≤ 1, is any family of symplectic forms on P that start at some blow up form ρ 0 := Ω ǫ then Eσ ρ 1 < α, where E σ is the class of a line in the exceptional divisor in the blow up X.
Proof. Let P := X × S 2 . We first claim
where E X is the class of a line in the exceptional divisor Σ X . To prove this, choose an ω-tame almost complex structure J on X that is integrable near Σ X , Choose an embedded 2-sphere ℓ X in the class E X that meets Σ X once transversally, and perturb σ so that gr σ , Σ X × S 2 and ℓ X × S 2 are in general position. Then, to each intersection point
. It is regular and, because ℓ X ∩ Σ X = −1, it contributes to the Gromov-Witten invariant with sign opposite to that of the orientation of the intersection at x. This proves the claim. Now consider ( P , Ω ǫ ). We claim that
where Σ denotes the subbundle of P formed by the exceptional divisors. 12 This is proved by direct construction. Denote by Ω a product symplectic form ω + π * (β) on P , and choose an Ω-tame almost complex structure J P on P so that gr σ is J P -holomorphic and so that J P is integrable near gr σ . If ǫ is sufficiently small we can perform the blow up of 12 This GW invariant (which can be considered as a parametric GW invariant on the bundle e P ) need not come from a characteristic class on BSymp 0 since it is not clear that the submanifold e Σ extends to a codimension 2 homology class in f MSymp 0 . For instance, e Σ is not the Poincaré dual of the normalized extension b e.
P along gr σ in such a way that J P lifts to an Ω ǫ -tame almost complex structure J P on P , i.e. so that the blow down map is ( J P , J P )-holomorphic. It then follows that there is a bijective correspondence between the curves counted by each of the above Gromov-Witten invariants. (For details of a similar proof see [23, Ch 9.3] .) It follows that the integral of Ω ǫ over E X − E σ must be positive. This proves (i).
(ii) follows because the Gromov-Witten invariants are unchanged by a deformation of the symplectic structure. Now suppose that B 1 , B 2 are two disjoint symplectically embedded balls in (M, ω). Denote by X i , i = 1, 2, the blow up of M by B i , and by X 12 the blow up by both balls.
Denote by E i the class of a line in the exceptional divisor corresponding to B i . For i = 1, 2 let Λ i ∈ π 2 (BDiff(X 12 )) be the element formed by blowing up X i × S 2 along the graph of E i . We would like to be able to conclude from the above proposition that the element Λ 1 + Λ 2 , for example, is not homotopic to an element of π 2 BSymp(X 12 , ω) for any blow up form ω on X 12 because we need ω(E 1 ) < ω(E 2 ) to represent Λ 2 and the reverse inequality to represent Λ 1 . 13 The problem is that Proposition 5.3 applies only to bundles ( P , Ω) such that Ω can be deformed into a blow up form, while the elements of π 2 (Ham M k ) correspond to bundles ( P , Ω) where Ω is an arbitrary extension of a blow up form on M k that may not have such a deformation. In the next section we show that this does not happen in dimension 4.
The 4-dimensional case.
This section discusses k-fold blow ups of a 4-dimensional manifold M . First a preliminary lemma. Though well known, we include a brief proof for completeness. (See [23] for further details.) Lemma 6.1. Let (M, ω) be a symplectic 4-manifold and E the class of a symplectically embedded sphere of self intersection −1. Then if J z , z ∈ Z, is any generic compact 2-parameter family of ω-tame almost complex structures, there is a finite subset {z 1 , . . . , z k } ⊂ Z such that E is represented by a unique embedded J z -holomorphic sphere for all z ∈ Z \ {z 1 , . . . , z k }. Moreover, for z = z i the class E is represented by a nodal J z -holomorphic curve consisting of two embedded spheres, intersecting once transversally and with self-intersections −2 and −1.
Proof. Because GW
M,E 0,0 = 1, E always has a J-holomorphic representative. We must investigate the possible nodal curves representing E. These are finite unions C 0 ∪ · · · ∪ C k of spheres in classes A 0 , . . . , A k . The index ind D u of a sphere u : S 2 → M in class A in a 4-manifold is 4 + 2c 1 (A), where D u denotes the linearized Cauchy-Riemann operator. In a generic 2-parameter family the cokernel of D u has dimension at most 2. Hence if u is simple so that there is a 6-parameter reparametrization group this index must be at least 4, i.e. we must have c 1 (A) ≥ 0. If u is multiply covered then the reparametrization group has dimension at least 10 which means that the index must be at least 8. In other 13 By "blow up form" on a k-fold blow up f M k we mean a symplectic form on f M k that is constructed from (M, ω) by cutting out k disjoint standard balls. Similarly, a symplectic form on the f M -bundle e P is called a blow up form if it is obtained from a form on an M -bundle over S 2 by cutting out a suitable neighborhood of a section. This is equivalent to requiring that e P has a subbundle with the exceptional divisor as fiber. One feature of such forms is that they can always be deformed through symplectic forms so as to decrease the size of the balls.
words c 1 (A) ≥ 2. Since i c 1 (A i ) = 1, it follows that all components are simple and that all but one (say A 0 ) have c 1 (A i ) = 0. Since the components are simple, they satisfy the adjunction inequality: c 1 (
14 Hence (A i ) 2 ≥ −2 for i > 0 and (A 0 ) 2 ≥ −1. Since the nodal curve is connected, there are at least k pairs of components C i , C j that intersect. Hence, by positivity of intersections, A i · A j ≥ 1 for i = j, and we find
Hence all inequalities are equalities. Thus the components are embedded and A i · A j is 0 or 1. This means that the classes A i are all distinct. But at most one class A i with c 1 (A i ) = 0 is represented for any J z . Thus E has at most two components, and these intersect transversally because A 0 · A 1 = 1. Since the energy ω(A i ) is bounded above by ω(E) and J z varies in a compact set, the usual compactness argument implies that there are only finitely many possibilities for the classes A i . Moreover, because the family J z is generic, each point z at which a class A i with c 1 (A i ) = 0 is represented is isolated. The result follows.
Remark 6.2.
A similar argument shows that in a generic 3-parameter family of J z no new nodal curves appear, though now of course degenerations appear for a 1-parameter family of z.
The first (well known) corollary shows that in 4 dimensions any form on a k-fold blow up that can be deformed into a blow up form must itself be a blow up form. Proof. By assumption there are k disjoint ω 0 -symplectically embedded −1 spheres. Denote their classes by E 1 , . . . , E k , and choose an ω 0 -tame almost complex structure for which they are holomorphic. Extend J 0 to a generic family J t , t ∈ I, of almost complex structures such that J t is ω t -tame. By the lemma each class E i has a unique embedded J t holomorphic representative. Hence result.
We now show that many of the new elements constructed in Proposition 5.2 do not lie in π 2 (BSymp( M k , ω)) for any blow up form. For simplicity, we restrict to simply connected M (so that every M -bundle over S 2 has a symplectic form) and will first formulate our argument in a special case. We shall denote by E := E(M, ω) ⊂ H 2 (M ; Z) the set of classes that are represented by symplectically embedded spheres of self-intersection −1 (or symplectic −1 spheres, for short). Recall from [20] that the following conditions on a symplectic 4-manifold are equivalent:
• (M, ω) is not a blow up of CP 2 or of a ruled surface (manifold with a fibering by symplectically embedded 2-spheres); • E · E ′ = 0 for any two distinct elements E, E ′ ∈ E. If these conditions hold we shall say that (M, ω) has Kodaira dimension κ(M ) ≥ 0. Such manifolds have a unique minimal reduction; equivalently, if C 1 , . . . , C ℓ is a maximal set of disjoint symplectic −1 spheres then {[C i ] : 1 ≤ i ≤ ℓ} = E. Finally, (M, ω) is said to be minimal if E(M ) = ∅. Proposition 6.4. Let (M, ω) be a minimal symplectic 4-manifold with κ(M ) ≥ 0 and let ( M k , ω) → P → S 2 be a symplectic bundle with fiber the k-fold blow up of (M, ω) with weights ǫ 1 ≥ · · · ≥ ǫ k . Then P is the k-fold blow up of a symplectic bundle (M, ω) → P → S 2 along sections s i , 1 ≤ i ≤ k, whose homotopy class varies in a group spanned by π 2 (M ; Z) and the classes E j , j < i, of the exceptional divisors with ǫ j > ǫ i .
Proof. Denote by E 1 , . . . , E k ∈ H 2 ( M k ) the classes of the exceptional divisors; set ǫ i := ω(E i ). By the minimality of (M, ω), the only classes in E( M k ) are the E i . Let J z , z ∈ S 2 , be a generic family of ω z -tame almost complex structures on the fibers of P → S 2 , where ω z is the symplectic form in the fiber M z := π −1 (z) of P → S 2 . Then we claim that the smallest class E k has an embedded J z -holomorphic representative for every z ∈ S 2 . Otherwise, by an obvious generalization of Lemma 6.1, we may write
Let Σ be the submanifold of P formed by the union of these E 1 -curves. Then Σ is an S 2 bundle over S 2 with fibers that are ω z -symplectically embedded. Choose a closed extension Ω of the ω z defined in some neighborhood U of Σ and such that Σ is a symplectic submanifold of U .
15 By [20] the restriction of Ω to Σ is standard, and so, by the symplectic neighborhood theorem, Σ may be blown down. Hence P is formed by blowing up some bundle Q → S 2 with fiber M k−1 along some section s k . Repeating this argument, we find that P is a k-fold blow up along sections s i whose homotopy class depends on π 2 (M ) and the E j , j < i.
It remains to prove the last statement. If ǫ i > ǫ i+1 for all i there is nothing to prove. Otherwise the result follows from Lemma 6.5 below.
We need to adapt Proposition 5.3 to the case when the initial bundle M → P → S 2 is nontrivial.
Lemma 6.5. Let (X 1 , ω 1 ) → P 1 → S 2 be the ǫ 1 -blow up of a symplectic bundle (X 0 , ω 0 ) → P → S 2 along a section s 1 . Denote the exceptional class in X 1 by E 1 and the bundle of exceptional divisors in
Proof. The proof is essentially the same as that of Proposition 5.3. We first show that
and then prove that
where Σ 2 is the bundle of exceptional divisors in P 2 . Further details are left to the reader.
It follows from Remark 6.2 that each blow down above is unique, i.e. it is independent of the choice of the family J z . Moreover, it depends on the section only up to homotopy. Hence we find: 15 Note that we do not assume that H 1 (M ; R) = 0 or that e P supports a closed extension of the e ωz, i.e. the bundle e P → S 2 need not be Hamiltonian. The present arguments are geometric and do not use the coupling form.
We cannot give a more precise answer here because there is a realization problem: it is not obvious that the condition in Lemma 6.5 is the only obstruction to being able to blow up a section with weight ǫ, even if we assume that κ(M ) ≥ 0 and that M itself has such a blow up. Therefore some work is still needed before we can fully understand the relation between π 2 BSymp( M k , ω ǫ ) and π 2 BSymp(M, ω) . 16 Nevertheless, comparing with Proposition 5.2 it is clear that when k ≥ 2 there are many elements in π 2 BDiff( M k ) that are constructed using standard Hermitian structures but yet cannot be realized symplectically. Here is a sample result. Proof. For i = 1, 2 let X 12 → P i → S 2 be the bundle corresponding to Λ i . Then the bundle corresponding to Λ 1 + Λ 2 is the fiber 17 sum Q : P 1 # P 2 → S 2 #S 2 = S 2 ; see [14] . But Q → S 2 is not a symplectic bundle since it does not satisfy the conclusion of Proposition 6.4.
Then λ ′ := ω(L ′ ) < λ, and the sequence ǫ ′ is obtained by rearranging the numbers ω(E ′ i ). If ω ′ := ω λ ′ ǫ ′ is not reduced, then one repeats this process to obtain a new form with λ ′′ < λ ′ . Since these coefficients λ ′ , λ ′′ , . . . are positive integers, this process must stop after a finite number of steps.
When [ω] is not integral, we can argue as follows. Fix a generic complex structure J on X k , i.e. (X k , J) is the blow up of the complex manifold CP 2 at k generic points. It suffices to prove that the numbers λ ′ , λ ′′ , . . . lie in the finite set
Since there is a complex line in CP 2 through 3 generic points, L ′ has a J-holomorphic representative. Hence λ ′ ∈ S. But we can choose φ C to be J-holomorphic. Then
and hence also (φ Proof. By the previous lemma we may suppose that the form ω µ ǫ on M k is reduced. Hence, because ǫ i ≥ ǫ i+1 for all i,
for every I ⊂ {1, . . . , k} with 3d elements.
Let E be the set of classes in H 2 (X k ) that can be represented by symplectically embedded −1 spheres. Then E contains the E i , plus many other classes such as L − E 1 − E 2 . However, because every class in E has an embedded representative for generic J, positivity of intersections implies that every class in E except the E i has the form dL − m i E i , where m i ≥ 0 and hence d > 0. To make the previous argument work we just need to show that in a generic 2-dimensional family J z the class E k with minimal energy never decomposes into a nodal J z -curve of type (E, E k − E), where E ∈ E.
Suppose E k does decompose for J z . By minimality, E = E j and so we can write
Let F := E k − E be the −2-curve. Choose i so that m i > 0. Then E i · E = −m i < 0 which means that E i also decomposes for J z . Since by genericity there is at most one −2 class with a J z -holomorphic representative, E i must decompose as (E ′ , F ) where E ′ ∈ E and F is as above. As before E i · E ′ = 0 and so E i · F = m i = 1. Repeating this argument, we see that F = m i E i − dL, where m i is 0 or 1. Since c 1 (F ) = 0, there must be precisely 3d nonzero m i . But then ω(F ) ≤ 0 by (6.1), which is impossible. Remark 6.10. For example, if X 2 is the 2-fold blow up of CP 2 , the above results show that π 1 (Symp X 2 ) has rank at most 2 when the blowups are of equal size and rank at most 3 otherwise. In this case, the work of Lalonde and Pinsonnault [15, 24] shows that these are the precise ranks.
The above results give examples of elements in π 2 (BDiff) that are not themselves in π 2 (BSymp) but are sums of such elements. We now return to the question considered in Proposition 1.7; are there elements of π 2 (BDiff) that are not in the subgroup generated by the different π 2 (BSymp)? The next result illustrates what our current methods can say about this. Proof. T.-J. Li proved in [19, Cor. 3] that when κ(M ) ≥ 0 every symplectic form on M k is a blow up form with exceptional divisors in the same classes E 1 , . . . , E k . In particular its minimal reduction M is unique up to diffeomorphism. By work of Taubes [28] , the assumption that there is a unique basic class implies that every symplectic structure on M has the same homotopy class of almost complex structures. Hence every symplectic bundle (M, ω) → P → S 2 has a well defined complex vertical tangent bundle whose first Chern class, denoted c V 1 , is independent of ω.
Step 1: Volume calculations. By Proposition 6.4, every symplectic bundle ( M k , ω) → ( P , Ω) π → S 2 is the k-fold blow up of a possibly nontrivial bundle (M, ω) → P π → S 2 along certain sections s i with weights ǫ i , where ǫ 1 ≥ ǫ 2 ≥ . . . . Thus there are bundles M i−1 → P i → S 2 for i = 1, . . . , k with P k = P . Choose a reference section s 0 for P → S 2 . Since we may assume this is disjoint from the s i there is a unique corresponding reference section, also called s 0 , in each bundle P i → S 2 , and in particular for P := P k .
To calculate the volume of P , choose a basis B α , 1 ≤ α ≤ r, for H 2 (M ; Q) and dual basis b α , 1 ≤ α ≤ r, for H 2 (M ). For each a ∈ C M , write a = λ α b α . Let a ∈ H 2 (P ) be its canonical extension and set a µ := a + µπ * (β) where β ∈ H 2 (S 2 ) has total area 1. Then Vol(P, a µ ) = µ Vol(M, a) =: µV a , where V a := Vol(M, a) is a polynomial function of the λ α .
To calculate the volume of P , let a µ,i,ǫ be the class on P i obtained from a µ by blowing up along the sections s j with weights ǫ j for all j ≤ i. (Note that a µ,i,ǫ is not a coupling class.) Similarly, denote by a i,ǫ its restriction to the fiber, i.e. the class on M i obtained by doing the first i blow ups. Then, by (3. Note that equation (6.2) holds for all classes a ∈ C, not just those represented by a symplectic form.
Step 2: The bundle M k → Q → S 2 . This bundle is obtained from the trivial bundle (Q := M × S 2 , Ω) by k − 1 trivial blowups with weight ǫ i and trivial Hermitian structure and with the last blow up along s k := gr σ where σ : S 1 → M k−1 represents E 1 and has a nonstandard Hermitian structure (i.e. m k1 = 1 and ℓ k = 1.) Choose s 0 to be the trivial section. Then, I a (s 0 ) = 0 = I c (s 0 ) and, by (6.2),
for every a ∈ C.
Step 3: Sums of bundles. Since the sum in π 2 (BDiff) corresponds to the fiber sum of bundles, it suffices to show that Q is not a finite fiber sum of symplectic bundles. Suppose to the contrary that Q = Q γ 1 # . . . # Q γm where for each γ := γ i the bundle Q γ → S 2 is the k-fold blow up of an ω γ -symplectic M -bundle Q γ → S 2 . By the uniqueness of the blowdown, the sum Q γ 1 # . . . #Q γm is trivial. The section s 0 splits into the sum s Proof. The condition π 1 (M ) = 0 is used once in Step 4 when we apply Lemma 1.3 to assert that every class a ∈ C M extends to the total space of the symplectic M -bundles Q γ → S 2 , a necessary step before we calculate volumes. We now show that each of these bundles admits a section and that therefore these extensions do exist. The rest of the proof then goes through as before.
The fact that Q γ → S 2 has a section is immediate from its construction as a blow down. It remains to prove that the classes a ∈ C M extend. The obstruction to extending the symplectic class [ω] to the total space of a symplectic bundle (M, ω) → Q → S 2 is Flux Then every class a ∈ C M has such an extension by [14] .
Example 6.13. Taubes showed that every symplectic form on the 4-torus T 4 gives rise to an almost complex structure with c 1 = 0. Using this, or the fact that T 4 has a unique Seiberg-Witten basic class (namely K = 0), we can conclude that, when M = T 4 and k > 0, π 2 (BDiff M k ) is not generated by the images of π 2 BSymp( M k , ω) as ω ranges over all symplectic forms on M k .
Remark 6.14. We have concentrated in this section on results on π 2 (BDiff) since, by Lemma 6.1, Proposition 6.4 is valid for quite general choices of [ω] and ǫ when the base is 2-dimensional. However, if [ω] is integral, there are special values for ǫ for which the blow up classes E i never degenerate. For example, one can either take the ǫ i all equal to 1/N , or, given positive integers N i one could take ǫ 1 = 1/N 1 , ǫ 2 = ǫ 1 /N 2 , . . . , ǫ k = ǫ k−1 /N k . For such ǫ every symplectic bundle ( M k , ω k ) → P → B is a k-fold blow up. This can be proved either by adapting the proof of Proposition 6.4 or by noting that the corresponding spaces of (unparametrized) exceptional divisors E i /U are all contractible. (Here E i is the space of symplectically embedded E i -spheres in M i−1 ; cf. the discussion at the beginning of §2.) In these cases our methods would give results about the higher homotopy and homology of BSymp M k and BDiff M k .
